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ABSTRACT

We have expanded on the results of an earlier paper [J.
Chem. Phys. 72,221 (1980)] which deals with a method for
détermining the response of a static, partially ordered
ensemble of molecules to various types of electromagnetic
probes. In this paper we consider types of spectroscopy
whose response depends on the location of two vectors in
an axis system fixed with respect to the molecule. Examples
of such spectroscopies discussed in detail include fluorescence
polarization, photoselection linear dichroism, Raman spectros-
copy and two-photon absorption. We outline the kinds of
structural information available from pdlarization experiments

on partially ordered ensembles.



I. Introduction

Spectroscopic studies on ofiented'sysfems provide impor-
tant sources of strﬁctural information in chemical and bio-
logical systems. The problem that we undertake is how to
extract structural information from an observed response
in a partially ordered ensemble. In many cases, the
molecules that comprise the ensemble are spectroscopically
identical and non-interacting. The observed response is,
therefore, a superposition of the responses for the indi-
vidual molecules. The superposition can be calculated by
averaging a response function over an orientational distri-
bution function. In this paper, we will be concerned with
only the static regions in which the molecular motion is
negligible., The orientational averaging will then be done
using a distribution function that is independent of time.

In an earlier paperl (hereafter referred to as paper I)
we developed much of the theory involved in calculating
spectroscopic properties of partially ordered ensembles,
and we applied the theory to one-vector problems. One-
vector problems are spectroscopic calculations in which the
response function depends on the orientation of only one
vector in the molecular axis system - i.e., one that is
fixed with respect to the molecule. An example of a one-
vector problem is electron paramagnetic resonance (EPR),
whére the signal depends only on the orientation of the

Zeeman field in the molecular axis system. In one-vector



problems, the observed response can be written as

I= ; de iﬁ d¢ D(6,¢,A)T(0,¢) dbdd (1)
0 0

where I(0,¢) is the response when the vector of interest has
spherical angles 6 and ¢ in the molecular axis system,
D(69¢5§)i8 the one-vector density of states function which
gives the probability that the vector of interest has spherical
angles 06 and ¢ in the molecular axis system, and é is a set of
parameters that describe the partial ordering. The chief ad-
vantage afforded by the use of equation (1) in paper I lies in
a formalism, developed earliersz for calculating one-vector
density of states functions from arbitrary models of partially
ordered ensembles. Paper I and reference 2 describe the
details of how to calculate one-vector density of states
. functions. Frank et. ale3 and Nairn et aleu have applied
the one-vector density of states formalism to obtain structural

3 and linear

information in photosynthetic systems from EPR
dichroismg experiments.

The response functions for many spectroscopic properties
are not adequately described by the location of one vector
in the molecular axis system, but depend on the location
of two vectors in the molecular axis system. Examples of
such spectroscopies are fluorescence polarization, photo-

selection linear dichroism, Raman spectroscopy and two photon

absorption. Although the density of states approach was first



used for one-vector problems, it can be extended to include
two-vector problems; this extension is advantageous because
it retains many favorable aspects of the one-vector density

of states techniquesglwq

We begin with two unit vectors ¢, and 02 in the

1
laboratory axis system which are perpendicular to each other
and which define directions of interest. For example, in a
fluorescence polarization experiment, Ql could be the
polarization direction of the exciting light and 62 could be
thepolarization direction of the detected fluorescenée, We
now introduce the two-vector density of states function
P(6,¢,w,A) which gives the probability that the location

of ?2 in the molecular axis system is defined by w when the

spherical angles of ﬁl in the molecular axis system are 6 and

¢ (see fig. 1). The observed response will then be
2m 27 i
T=17 doJs d¢ J do I€0,0,0)P(0,¢,w,4) (2)
0 0 0 ¥

where I(6,¢,w) is the response when Gl and 02 are defined

by 6,0, and w in the molecular axis system. As will be shown

in the next section, P(@;@swsé) can be derived in a manner

that is analogous to the derivation of D(93¢5§) in reference 2.
Evaluation of P(89¢9w,§) and use of Eg. 2 is sufficient

for analyzing any two-vector problem. We will consider

several examples having the same type of response function,



= 2 e 2
I00,0,0) = (0,°T-0,) | (3)

where T is a constant tensor in the molecular axis system.

=

We define i; as the average of a response function like (3).

Structural information is obtained by comparing I, to IH
where ;jis the average of the response function
2

I(6,9) = (0, T0_) (4)

Because Eq. (4) is independent of w, calculation of fn is a
one-vector problem, and it is evaluated using Eg. (1).
Spectroscopies having these response functions include
fluorescence polarization, photoselection linear dichroism,

Raman spectroscopy, and two-photon absorption.

II. Evaluation of P(w,0,¢,4)

We follow the same procedure used in ref. 2, where we
began with a set of n rotations Rl(al) oo Rn(an) and n
weighting functions gl(al) o oo gn(an) that generate the
partially ordered ensemble. The partially ordered ensemble
can be thought of as a set of cubes in which the unit vectors
in the molecular axis system (R',9',2') lie along the joined
edges of the cube. To generate an ensemble by a set of
rotations, we begin by placing a cube at the origin of the
laboratory axis system (with &', ¢', and 2' coincident with

the laboratory axis system unit vectors X, §, and 2).



When this cube is rotated by n rotations ERl(al) e Rn(un)]
in the laboratory frame, it will become a member of the
ensemble. Furthermore, the probability that the angular
variables are Ops Oy eoe O is given by the product of the

weighting functions.

The average intensity for a two-vector problem can be

written directly as an integral of the variables Ay oo Qy
1 o ;
I-= 5 é e é IEV1(a1°°°@n)’$2(&1“e°an)j
1 n
X gl(@1)°°°gn(an) da,...da (5)

. . » 3 AT 7

where N is a normalization constant, I[Vl(ulssnan)502(alee,an)]
is the two-vector response function, and Gi and %é are the

two vectors of interest in the molecular axis system. From

ref. 2, the two vectors are

<>
[
¥

RlCal) e oo Rn(an)ﬁl (6)

<o
N
1

Rﬁ(aw) coo R (a )9 (7
4 4L n n n

where 61 and QZ are the two vectors in the laboratory axis

system.



The two-vector density of states function P(0,¢,w,A)
G

describes the probability that 4

& and ¢, and 05 is described by the angle w defined in

has spherical angles

fig, 13 in other words, the probability that

Gi = (cos¢sin®,sin¢gsind,cosb) (8)
and
cosdcosfcosw + sindsinw
§§ = |sin¢cosBecosw - cos¢sinw (9)
-gsinfcosw

We thus perform the transformation
(alseoam) A (¢9vleeevnw3983w) (10)

under the constraints

v! = ginfcos
1x ¢

v! = ginfsin

1y ¢
vl = cos8

1z

(117

Véx = cos¢pcosBeosw *+ singsing

véy = sin¢cosbcosw - cos¢sinw

v! = =ginfcosw



Application of the n dimensional change of variable theorem

to equation (5) yields

_ 1 2m 27 . .
I =g/ doJ d¢ J dw vai(83®),vé(65¢sw)]
0 0 0

n
R II 0,w)]

g.lo,(d,v. .0
1 n-3 i o1 1

3
1 n-3

0. ... 0

1 n
dv, .. .dv 12
96,0y D _550,6| 1 n-3 (12

where (aul,eaan/8®3vlee,vna33

coordinate transformation. By inspection we set

B,w) is the Jacobian of the

n
_ 1
P(O,¢,0,4) = T fv agsfv g gifai(¢svluaevn”3se,w)]
1 n-3 i=1
Bmlaa an
dv.,...dv (13
ia¢9vjaaeevn“3se§w 1 ﬂ*‘g )

Following the approach of reference 2, we pick the
laboratory z axis to be the axis of the first rotation [Rl(al§J,

and we use the following transformation

" g F fl(¢svl°°9vnw3sesw)

i

’ (14)
%n -2 - Yn-3
a _q © fz(vlo,evnagsesw)

6} = fa(‘uleeevnsggesw)



where a1 and a  are defined by solving the two equations

= ! ‘ :
cos® vlz(@ ,oqan) (15)

2

o_) (16)

=sinfcosw = v'! (o....
2z 772 1

for o and o and setting o o 9 equal to v, ...V

goee 1 n-3°

As shown in ref., 2, under the above transformation

n-=1

a, = - + fq(v1@'°vnm3989w) (17)
oa
1 _
T =1 {18)
and
Bai
ggm = 0 i ¢ 1 (19)

From equations (17), (18), and (19), the Jacobian simplifies
to
Ban aan 20

I = 56— 35 - 35— 59 (20)

By differentiating both sides of Eq. (15) and Eq. (16) with
respect to both 6 and w, we get four equations in the four
unknowns aanal/aes Ban/awa aungl/aw, aan/aea Solving these
equations for the Jacobian yields

. 2.
sin fsinw

7] =
3vl (a
ya

1 2° 1

1 . ) ? {
eaun) szz(azeecan) v Z(azaag@n) BVZZ(uzpngar

aanml aan 8an Sanal
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with Qooooll replaced by their transformed variables VeV, g0

f (v, ...v ,0,w), and f. (v, ...v s8,w). Substitution into
2771 n=3 3'71 n=-3 _

equation (13) yields

o 2 Id
P(8,¢,0,4) = SEDJSIN0 o g [=0+E, (0.0 50,0)]

N v v

1 n-=23

x gn»1£f2(016°°vn«3fe°w)j g Lf (v eviv 2,0,0)]

n=2
i 8; (V5 1) 05 4
X (22)
§ ? ¥ ¥
Bvlz BVZZgﬁyavlz szz
a@nﬁl aan an aanal

Equation (22) is the two-vector density of states
function, and it is an extension of equation (31) in ref. 2
for the one-vector density of states function. We note that
if gl(@l) = 1, we have an axially symmetric distribution;

i.e. P(85®,w9§) is independent of ¢. If we have a randomly
oriented system, it can be shown that P(89¢3w5§) = constant
x ginb.

When the partially ordered ensemble can be generated

with three rotations, there is no need for the dummy variables

v in Eq. (14), and hence Egq. (22) will not involve

1° aevnmg

any integration. In such a case, Eq. (22) can be shown to

simplify to
P(8,¢,w,A) = sinb G£a1C8,¢9w)9&2(69w)3a3(69w)] (23)

where G(ul,azsug) is the product of the weighting functions
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for the three rotations. The two-vector density of states is
thus determined by finding the functional form of al(e,%w)5
@2(93M)3 and &S(G,w)e These functional forms for all
possible three-rotationschemes and combinations of @1 and
62 are listed in table I. We do not include a1(6,¢9w)3
and therefore table I is restricted to axially symmetric
two-vector densities of states.

In the remainder of this paper, we will not be con-
cerned with the specific form of P(63¢9w3é), but instead

will consider the type of structural information available

in two-vector spectroscopy.

ITTI. A Particular Response Function
We will now calculate f" and,fl when the response
functions are given by Egq. (4) and Eq. (3), respectively.
We will restrict our consideration to the case where
P(@,wﬁé) is axially symmetric; that is, the case where the
two-vector density of states function is independent of ¢.
The restriction to axial symmetry is not so limiting as
it might seem, because the density of states is axially
symmetrié in some systems even when the distribution function
in the laboratory reference frame is not axially symmetricgq
For fﬂ’ we have a one-vector problem; application of
equation (1) yields
A Ll 2w

Tz f do S dp (01.T<07)°D(6,A) (24)
il 0 0 1 5 71 o
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where D(69§) is the one-vector density of states function

for ¢!, vi is given by equation (8), and

T T T
®¥X TRy %z
T =T T T (25)
2 yx yy vz |
T T T
Zx 2y zZ2z

is a constant tensor in the molecular axis system.
Experimentally, partial ordering is induced by exerting

some type of force on the system, such as an external

alignment field or a mechanical stretch. Because the sign

of the direction of these forces is arbitrary, D(8) is

is symmetric about 7w/2; that is, D(8) = D(r-6). Utilizing

this symmetry property, expanding equation (24) and

evaluating the integral over ¢ results in

= 1 2 _ 2
I-= §{8Tzz + aESTXXTZZ + MCTXZ+TZX) + S(Tnyzz)
2 2 2 2
+ -
N(T AT, ) 16T, 71 + BLAT, 4 3T+ 2T T
2 2
+ (T +T )% - 8T T - LT +T ) - 8T T
Xy Ty XX 27 XZ ZX vy zz
~u(r +T )% 4 g7t 1) (26)
vz 2y 22 .
where
/2 9
o =z f sin“6 D(B8) ds (27)
O
w/? "
B = [ sin'6 D(6) db (28)
0 _
and D(8) is normalized such that
w/2
S D(s) de = 1 (29)

0
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For Ti’ we require the use of P(8,w,A); the result is

_ m 27 27 e gl 2
I =/4deJ d¢ ﬂ)deP(Sywﬁé)(vze?wvl) (30)
0 0 _ ®

P(0,w,A) is the two-vector density of states for 6i
and Gé where“ﬁi and 05 are given by Eq. (8) and Eq. (9),
respectively, and T is given by Eg. (25). Expanding equation

(30) and evaluating the integral over ¢ yields

= 1 2 2 2 2 2 2 2
= = - - - +
I 8{4(TXZ+TYZ) + a[u(TXy+Tyx Ty Tyz) (TXy Tyx)
(T._ =T )27 + y[u(T__~T_ )2 + u(T -1 _)?
XX Yy XX Z2 yy zz
- 2(T. =T )% + 2(T_ +T )% _ 4(2T. T _+ 2T T
xXx Tyy Xy "y XZZX vz~ zy
2 2 yi 2 2
+ TXy + Tyx L Tyz>] + gEQCTXZ+TZX) +
WCT +T )2 (T 4T ) + (T__-T )72
vz "2y XY YR XX Yy
- 4(T =T )% - u(t -7 %71} (31)
XX 22 vy 2z
where o is, as before,
w/2 /2 ? 9 ‘
vy = f de [ dw sin“Bcosw P(B,w,A) (32)
0 0 ~
/2 m/2 " 2
£ = f de [ dw sin 8cos“w P(O,w,A) (33)
0 0 ~
and P(O,w,A) 1s normalized such that
/2 w/ 2
S de J dw P(stsé) = 1 (3u)

0 0
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Egs. (26) and (31) are valid for any partially ordered
system in which the density of states functions are axially
symmetric. We will now consider some special cases. In a

random ensemble D(6) = sin®6, and P(O,w) = % sin6; the
2 8 1 L
37 157 3 15
Substitution into equations (26) and (31) yields

parameters o,B,y, and £ become , and

To= Kpusa? 4 yp? & g¢r +1 )2 4 31 +T )2
I 45 xz Tzx yz zy
v 3T +T )27 (35)
Ry Tyx
and
T, = L%+ 20r? v 72+ T2 4 T4 T2 4 T2 )
1 15 xy yx X2 ZX yz 2y
- (TXyTyX + szsz + TyZTZy)] (36)
where
A= (T +T 4+ T ) (37)
%X vy zz
and
B2 = r(r -1 )% 4 (v -T 3%+ (T -7 )71 (38)
XX Yy yy 2z XX "zzZ

We will return to the significance of these equations in
the next section.

One type of axially symmetric, perfectly ordered system
is one where the z axis of each of the molecular axis
systems is colncident with the 2z axis of the laboratory
axis system, and all orientations that are rotations

about the z axis are equally likely. If spectroscopic

, respectively,
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measurements are made with Gl along the 2z axis, then D(8)

= §(6) and P(0,w) = %‘6(6), which means a=B8=y=£=0, Egs.

(28) and (38) lead to the expected results

- .,.' ?
and
= _ 1,2 2
IL = §(sz + Tyz) (40)

o

In other words Iy is equal to (£.7-2)% and TL is equal to the

average of (2@36%)2 and (§@T92)29

Iv Examples
A. Fluorescence Polarization

Fluorescence polarization experiments are typically done
with the configuration shown in Fig. 2; a sample is excited
with light polarized in the z direction and propagating along
the y axis and fluorescence is detected along the x axis, with
an analyzing polarizer oriented either along the z axis (FZZ) or
the y axis (Fzy)e We let D(6) be the one-vector density of
states for a unit vector along the laboratory z axis, and
P(0,w) be the two-vector density of states for two unit
vectors aiong the laboratory z axis and the laboratory x

axis. Then

FZZ = I" | (u1)

and

Fzy = 1, (42)
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In the dipole approximation, the response function for
fluorescence polarization in a static noninteracting ensemble

of molecules 1is
Z2 no 2 2
I(6,0,w) = K (ﬁ1@ i) (ﬁzaﬁé) (43)

where ﬁl is a unit vector along the absorption dipole moment,
ﬁz is a unit vector along the emission dipole moment, ﬁi is
the polarization direction of the exciting

light, Gé is the polarization direction of the detected

fluorescence, and Kz is a constant. Eq. (43) is identical to
Eq. (4) when T is given by the dyad

2 *1% V1% #1%)
TR Ky = Klyol (g yy 7)) XY, VY, %Yy
(uy)

22 | F1%2 Y172 *1%2

After incorporation of the elements of T into Eg's (26) and

(31) and some rearrangement, we arrive at

_ K 2 2 2 2 2 2
Fzz: I“ = §{82122 + ua(zl *ozy - lOzlzz + Qzlzzcosg)
2 2 2 2 2
+ BCmSZl - 522 + 352122 - ZDzlzzcose + 2cos“e + 1)1 (u5)
and
= K2 2 2 ) 2 L2 .2
Fzy =1, = 8E(421 - lezz) + (3 2c08“¢ 721 3z,

22 2 2 2
+ 52122 + uzlzzcose) + y(4cos“e - 221 * 2z, - 2
2 2 2 2 2 2
+ 302122 - Zuzlzzcose) +£(521 + 522 - 352122 -1
- 2cos’e + 20z.2,cose)] (46)

172
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where € is the angle between ﬁl and ﬁze The constant K can
be eliminated by calculating the fluorescence polarization,

defined as

-

F
- ZZ zy
P = FoOoFE (47)

z22 Fzy
We are left with the three parameters: 1) zgg
the absorption dipole moment and the z axis of the molecular

the angle between

axis systemy; 2) 259 the angle between the fluorescence dipole
moment and the z axis of the molecular axis system; 3) €,
which is the angle between ﬁl and ﬁza These are the structural
parameters that can, in principle, be determined by fluorescence
polarization on a partially ordered system.
In the past, most fluorescence polarization experiments
have been done on random samples. In such samples, Egs.
(45) - (47) reduce to
3coszs - 1
P = = (ug)
cos"e + 3
Only one structural parameter is obtainable from a random
sample experiment, while three structural parameters are
obtainable from an ordered sample experiment. At first
glance, it appears that it would be hopeless to try to
extract three numbers’from the one measured gquantity in
Eq. (47). We note, however, that in an ordered system, the
2 direction and the 2 direction will not be equivalent (un-
less the y axis is an axis of symmetry in the laboratory
axis system), which means that new information can be obtained

by exciting with light polarized along the R axis and measuringA
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sz and ny (see Fig. 3). 1In a partially ordered sample

Fzz # Fzy # sz £ ny we , thus, have f@ur measured quantities,
or three polarization ratios, as handles on the three struc-
tural parameters. This fact contrasts with the random
solution where F # F = F = F and there are only two

z2 zy X2z xy

measured quantities, or one polarization ratio as a handle to

the one structural parameter.

B. Photoselection Linear Dichroism.

In a photoselection linear dichroism experiment, one
excites a sample with polarized light and probes an induced
absorption change with light polarized either parallel or
perpendicular to the exciting lightes The response function

is
2 2 2
I(B,¢,w) = K (ﬁlaﬁi) (ﬁzwvé) (ug)

where ﬁl is the absorption dipole moment that is being
excited by light polarized along Gi and ﬁzis the absorption
dipole moment that is being probed by light polarized along
ﬁée Because Eq. (49) is identical with the response function
for fluoréscence polarization, everything that applies to

fluorescence polarization also applies to photoselection

linear dichroism.
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C. Raman Spectroscopy
Polarization experiments in Raman spectroscopy are done
by exciting along the y axis with light polarized along the
zZz or x axes and detecting scattered intensity along the
® axis with an analyzing polarizer oriented along the z or
y axes. Analogously to fluorescence polarization experiments,

one can measure four quantiti6851229 I , I__, and IX

2y’ Txz v’

Depolarization ratios for a Raman band are derivable from
these four quantities.
The intensity scattered in the x direction is given by8
(w - wa)q 9 2
. S ® ® §
I = m IO($2 g 01) (50)
c

where w and wy are the scattered and incident frequencies,

¢ is the speed of light, I, i1s the incident intensity,

0

Qi and 05 are the polarization directions for the incident
and scattered light and T is the scattering tensor. The
elements of the scattering tensor for a transition from vibronic

state m to vibronic state n are

. .1 zt(Mi)m(Mf’)m . (Mi)mr(Mj)Pnj )
13 ij'mn  h o Yem - 9 w_ ¥ g

where 1 and j can be %, y, or z; 2mwh is Planck's constant and

the sum is over vibronic states of the molecule. Here,

M.,) 4, (M.) , ete., refer to the components of the tran-
i“rn j ‘mr

sition moments between vibronic levels and 0 and 0 are
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frequencies obtained from the energy differences of the

vibronic statesg7 The four quantities Izz’ I , I, and IX

2y Xz Yy

can be found (with Tij’S as parameters) by use of Eq. (26)

or Eq. (31). Tor example, Izz = T" when D(8) is the one-
vector density of states for a unit vector along the z axis,
I, * TL when D(8) is the one-vector density of states for a
unit vector along the x axis and P(6,w) is the two-vector
density of states for a unit vector along the % axis, and

a unit vector along the z axis, and similarly for'IZy and

‘Ixy9 In this section, we will consider only symmetric
scattering tensors; it is then possible to find an axis system,
the principal axis system, where o n is diagonal with diagonal
elements A @y and a . Now, Eq. (26) and Eq. (31) were
derived by orientation averaging in a molecular axis system
which in general is not the same as the principal axis system.
This approach is necessary because, even though the density of
states is axially symmetric in some molecular axis system, it

may not be axially symmetric in the principal axis systemaz

We can find I in the molecular axis system by

o O 0
X
T = R(0,8,¥)[0 o 0 R (0,0,v) (52)
0 0 o
Z
oy
T, ° : Rip (0,0, IR, (0,0, 9)0, (53)
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where k = x,y, and z, and R(0,%,¥) is the Euler rotation
matrix with Buler angles 0,9, and ?68 Because both the princi-
pal axis system and the molecular axis system are fixed with
respect to the molecule, 0,9, and V¥ are constants that are
the same for every member of the ensemble. We now see that
there are six parameters inherent in a Raman experiment; those
six are the three principal components of the scattering
tensor and the three Euler angles that relate the principal
axis system to the molecular axis system.

In a partially ordered sample, one can measure the four

I

z’ Tzy’ 1

quantities IZ

, and I from which can be constructed
X2 Ry

three depolarization ratios. These three ratios are all that
is available to extract the six structural parameters mentioned
above. Although the ratio of parameters to data points is
unfavorable, in some cases a few of the parameters may be
known. For example if the three EBuler angles are known. from
other experiments, one would have three measured quantities
to determine the three principal components of the scattering
tensor and vice versa.

In a random sample I = I, in Eq. (35) and I,, =1

il v X2

= Ixy = ii in Eg. (36), which results in only one possible

depolarization ratio. The depolarization ratio is frequently

reported as

I Ix
P R0 b (54)
I
zZ A%
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which, for symmetric tensors is equal to

6B + 3(T2 + T2 + 72 )7
P = Xy QXZ zyZ (55)
4542 + 7[B% + 3(T° + T2+ TZ )]
Xy Xz &

A is equal to 1/3 times the trace of T; because the trace
is invariant to rotation, A is also equal to %(ax + L. +oa ).
This quantity is known as the spherical part of the polarizi-

6

bility. In a similar fashion, the quantity C° = B~ +

3(T2 + Tz + TZ } can be shown to be also invariant to
X ®Z VZ

y
rotations. In the principal axis system C2 = %[(uywax)z +
{o_~0 )2 + (o -a )23; this quantity is known as the

vy 'z z X |
anisotropy of the polarizabili“tye6 Eg. (55) reduces to the

classical result for the depolarization ratio

6c2

P = 2

5 (56)
L5A

+ 7C

Most Raman depolarization measurements have been done on
random samples, but for two reasons it is worth undertaking
depolarization measurements on ordered samples: 1) It is
not possible to obtain structural information (e.g. the Euler
angleg in Egs. (51) - (52) through measurements on a random
sample; 2) If the Euler angles in Eqs. (51) - (52) are known,
depolarization measurements on a random sample yield only one
ratio involving a5 O

; y
ments on an ordered sample yields three ratios.

, and o, while depolarization measure-



23

D. Two=-Photon Absorption

Simultaneous absorption of two different photons is

governed by the fcrmulag

3 2 2
IT(w,0,¢) = 81 a wlwzg(wl+w2)(0295mne@l) ) (57)

where o is the fine structure constant, wy and w, are the

frequencies of the two photons whose polarizations are 7y

and 023 g{w) is the absorption lineshape function for the
molecule, and Smn is the two photon absorption tensor. The

elements of S are
~Inn
<m|r, |[k><k]|r.|n>  <m]r.|k><k]|r,|n>
i i N i

(Sij)mn ; i L Wy = O * w

= W

km 2

(58)

McClain and Harrisg have reviewed the theory of two-
photon absorption in random systems. The parameters that
enter are the elements of the absorption tensor. They used
group theoretical arguments to list the irreducible tensor
patterns of many types of ﬁolecules; these tensors contain
from one to nine different elements. 1In a partially ordered
sample, the elements of the irreducible absorption tensor
will still be parameters, and three new parameters will be the
three Euler angles that relate the molecular axis system to
the principal axis system of the irreducible absorption
tensor. Conceptually, the type of information available in a
two-photon absorption experiment is similar to that available

in a Raman experiment.
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V. Discussion

The chief result of this paper is the derivation of
P(69¢3w9§) in equation (22), This result is an extension of
the density of states theory introduced in reference 2.

The two-vector density of states theory retains most of the

advantages of the one-vector density of states theory, and

these advantages are discussed at length in Paper I.

we will outline the major
approach to analyzing the
by the response functions

Previous approaches

Here,

benefits afforded by adopting our

results of spectroscopies governed
(3) and (W),

in Egs.

to orientation averaging have intro-

duced a distribution function P'(07',¢',¥') which gives the

probability that a member

1aboratofy axis system by

of the ensemble is related to the

the Euler angles 06',¢', and ¢'.

This distribution function is then expanded in terms of the

Wigner rotation matrix elements

Pr(8T, 0", p") =

where P are the Rmnth
2mn

defined by

fmn 8W2

x do'dcoso'dy’

9,10

yop. o

I} (59)
) mn - mn
mn

(07,9 ,9")

moments of the distribution function

L 27 )
{ 7 ] { ] { {
;{é Dmn(e ;0 L, "IPT (et .9 5 yt)

(60)
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When Equation (59) is substituted into orientational averaging
formulas with the response functions ig Egs. (3) and (&), the
results are expressions that depend only on the £ = 2 and

£ = 4 moments, and the structural parameters inherent in

the type of spectroscopy analyzed (e.g. for fluorescence
polarization, the expressions depend on the £ = 2 and £ = 4
and €).

moments, z z

1?72
There are two basic problems with the Wigner expansion
approach:
(1) 1If one knows the spectroscopically inherent structural
parameters, it is possible to probe the distribution function
with an experiment on a partially ordered sample. In the
Wigner expansion approach, this experiment can yield only
the & = 2 and & = 4 moments, and these moments may be of
little value in describing the distribution function,
especially if the expansion in equation (59) is slowly con-
vergent. The best one can do is to construct a model for the
system, calculate P'(0"',¢',¢9'), and see if calculated moments

from Eq. (60) agree with the measured moments. However, no

general method for constructing P'(8',¢',9") from a model
that involves a rotation scheme of four or more rotations

has been described. :
(2) If one wishes to measure the spectroscopically inherent

structural parameters, it is necessary to know the & = 2
and £ = 4 moments, or at least to be able to place limits
on the moments. Because Pimn are merely mathematical

projections of the unknown distribution function on the Wigner
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rotation matrix elements, there is no justification for
placing limits on the moments.

The density of states approach overcomes these problems,
One way to think of the difference between our approach and
the Wigner expansion approach is that we represent the
distribution function in terms of the order parameter A
instead of the len moments. The major benefits afforded by
adopting our approach are:
(1) If one uses known spectroscopically inherent structural
parameters to probe the distribution function, one may
obtain A.  The é parameter gives a better definition of the
distribution function. In fact, one couid find all the P

Lmn
moments from A by an equation

- ‘Q’ ¥
len = JJI Dmn(ﬁ*5¢’9w7)F(8?3¢‘3w*5§)d6’d¢'dw (61)

where F(8',¢',9',A) is a distribution function which could

be derived fromAP(69¢sw9§) by converting from the molecular
axis system to the laboratory axis system. Furthermore,

each Ai is related to some physical property of the ensemble
and, as such, is a quantity of interest“l

(2) 1If one wishes to measure the spectroscopically inherent
structural parameters, it is necessary to place limits on éa
This is easier than placing limits on the moments, because é
may often be restricted from physical considerations.

(3) P(85¢5w9§) is evaluated from a model for the system which
is defined by the rotations Rl(al) o Rn(un) and the weighting
functions gl(al) o gn(un)° As such, it is straightforward to

interpret data in light of a specific model.
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(4) The fact that we average orientations in a molecular
axis system, instead of a laboratory axis system, sometimes
makes our approach more efficient. For example, reference U
gives an example of a system where the distribution function
is axially symmetric in the molecular axis system but not in
the laboratory axis system.

Most experimental work involving two-vector problems has
been done on random systems. Work on partially ordered systems
has either resorted to the cumbersome expansion methodllmlg
or been analyzed only qualitatively014 As a result,
experimental studies of two-vector spectroscopies on partially
ordered systems is probably an underexplored area. It can
serve as a valuable probe to structural features such as the
orientation of transition moments in the molecular axis
system and the principal axis system. In closing, we note
that two-vector spectroscopies having response functions other
than Egs. (3) and (4) can still be analyzed by our approach,

with Eq. (2) serving as a starting point for such an analysis.
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FIGURE CAPTIONS

1. Definition of the angles 0, ¢, and w in the molécular
axis system., 6 and ¢ are the traditional spherical angles for
the vector %i; 0 is the polar angle and ¢ is the azimuthal
angle. W is the angle between V! and an arbitrary (but

2

fixed) vector in the plane perpendicular to %ie

2, Experimental set-up for a polarization experiment with
exciting light polarized along the z axis. The axis system

shown is the laboratory axis system.

3. Experimental set-up for a polarization experiment with
exciting light polarized along the x axis. The axis system

shown is the laboratory axis system.
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TABLE LEGEND

1. The functional forms of qz(ejw) and us(Saw) in Eq. (23).
When a * appears in an equation for az(esw).er ua(esw)9 both
terms must

be included; i.e. P(O,w) = sinS{GEQZ(Gaw)3@§(69w)] + G[a;(eﬁw)9

a;(eaw)j}



TABLE I

RS o o) 2, (0,u) Cay (8,07 o, (6,u)
ZYZ {cosy, sing, 0} {(0,C¢, 1) cosml(simecosw) w—cosu%icose/sinmz) 0d
ZYZ {cosy,0,siny) {0,1,0) cosvl(cos@sin&icos@sim@sinw} sin_l(sinecosw/sinuz) %-— W
VA4 {0,cosy,sind} (1,0,0} cos_l(cos@sin&icos&sin@sinw} c@s-l(sinﬁccsw/sinmzﬁ w
ZYZ | (0,0,1) {cosy,siny,01 | 6 ot e v tw
VAR (C,1,0) {cosy,0,siny) cos-l{sinasin(wiw)} singl(cose/sinazj Od
Y7 (1,0,0) {0,cosd,siny) cos_l(sinﬂsin(wtw)) coswl(cose/sinaz) Od
ZXY (cosy,sinyg, 0} {(0,0,1) sinnl(cosesinwicoswsinesinm) cos-l(sinécosw/cosuz) u
ZYY {cosy, 0,siny) {(0,1,0) sin_l(sinecosw) ¢~sin“%icosﬁ/cosa2) o?
ZXY (0,cosy,siny) (1,0,0) sin-l(cos@coswisinwsinesinw) sinhl(sinecosw/cosa2) g~~ W
ZXY (0,0,1) {cost,sinyg, ) sinwl(sinesin(wiw}) cos_licose/cosaz} Od
ZXY | (0,1,0) (cosy,0,sing) —;?—- 8 -g—-— b fuw g” v
ZXY {(1,0,0) {0, cosy, siny) sinnl(sinECos(wiw)) sin_lécose/cosﬁ) 0&
®rotation scheme or the order and axes of three rotations required to generate the ensemble.

Use these formulas if the denominators are not egual to zero.
“Use these formulas if the denominators in the previous column egual zero.
dIn these cases, any value of m3 can be used because for any physically realizable model, G[u29@3}

will be independent of u3 when the denominators in the previcus column egual zero.

Ll
[



33

Fienne L
A N&c&ﬁ/ G,J?v uﬂ



34

“Pejep

N =t



35

Z¥%

H@N%

N

th G-w &

oA o

ﬂ/ﬁr;é’;ﬁ/






